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Abstract—In this paper, we consider retrial queueing system. Two classes of customers come to
the system according Poisson arrival processes. The first flow is a flow of priority customers, the
second flow is a flow of non-priority customers. Service times have exponential distributions.
If a priority customer finds the server occupying by the customer of the same class, it goes to an
orbit (orbit for priority customers) and makes a repeated attempt after a random delay. Inter-
retrial times have exponential distributions. If an arrival priority customer finds the non-priority
customer on the server, it can interrupt its service and starts servicing itself. The preempted
customers moves into the orbit for non-priority customers. If a non-priority customer finds the
server occupying, it goes to an orbit (orbit for non-priority customers). The customers from the
orbit behave the same way. Customers are submitted to the system after successful completion
of service. We propose an asymptotic-diffusion analysis of the system. Probability distribution
of the number of customers in a non-priority orbit and in a priority orbit are obtained.

Keywords: queueing system, retrial queueing system, orbit, asymptotic-diffusion analysis, dif-
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1. INTRODUCTION

The formation of queues in bank offices, hospitals, shopping centers and other facilities is a
common problem that modern people face in every day life. Sometimes, unable to wait in queue,
people leave and attempt to get service later, when the load is reduced. This phenomenon has
led to special systems in the queue theory, called retrial queueing systems (RQ-systems). These
systems are characterized by the customer (call) finding the server occupied, moves to a virtual
orbit where it remains for some random time, then attempts to be served again. A significant effort
has been done by a number of scientists involved in RQ-systems research. An overview of this topic
can be found in the following sources [1-5].

But in practice, traditional RQ-system models are difficult to apply widely in real-life conditions
due to their lack of versatility. Almost every field of life is affected by the prioritization of one
customer over another. In service systems such as airlines, first class customers are prioritized
over economy class. In telecommunication system, voice packs have higher priority than other
data packs like email etc. In [6] various RQ-systems with priority calls and many other system
parameters like customer loss, feedback etc. are analyzed.

Recently, mobile traffic has increased rapidly, resulting in a shortage of wireless spectrum. Cogni-
tive radio networks are promising technologies to solve the spectrum scarcity problem. In cognitive
radio networks, there are priority and non-priority users. Primary users (priority users) provide
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376 NAZAROV, IZMAILOVA

some spectrum bands to secondary users (non-priority users). Secondary users can cognitively
utilize these bands when they are not used by the primary users, but when the primary user has
arrived for service, the current secondary user must leave the server and attempt to occupy the
channel again later. From a mathematical point of view, the study of RQ-systems with two types
of customers is significantly more difficult than with a single type of customer. A number of works
are devoted to the study of systems with two flows. In [7], a priority system with urgent requests
and heterogeneous service is studied. In [8], the authors considered a system in which a prioritized
request, having found a server occupied, either preempts a request on the server or queues up
with some probability. In [8], the authors take into account the possibility of server breakdown.
In [9-11] the functioning metrics of RQ-systems of different configurations with two flows (priority
and non-priority) and a queue for priority flows are also found.

Notably, in the works described above, the priority customers, having found the server occupied,
enter the queue. In this paper, we propose a system with repeated calls, in which priority customers,
as well as non-priority ones, go into orbit, i.e., we need to consider a system with two orbits. In [12],
the authors considered a tandem RQ-system with two orbits. The peculiarity of the system studied
in this paper is that prioritized customers can displace the serviced non-prioritized customers.

2. MATHEMATICAL MODEL AND PROBLEM STATEMENT

Consider a system with repeated calls (retrial queueing system, RQ-system), Fig. 1.

Two simple flows with parameters A\; and Ao are received. The first flow is the flow of priority
customers and the second is the flow of non-priority customers. When at the moment of arrival a
customer finds the server free, it starts to be serviced during the time distributed according to the
exponential law with parameters 11 and ps or the priority and non-priority flows calls, respectively.
After successful completion of the service, the customer leaves the system. When a priority flow
customer finds the server occupied at the time of arrival, then:

e if a priority customer was serviced at the server, the incoming one moves to the orbit where

it performs a random delay having an exponential distribution with parameter o;. After a
random delay, it reaccesses the server with a second attempt to capture again;

e if a non-priority customer was serviced at the server, the incoming customer displaces the
serviced one and starts to be serviced itself, and the preempted one moves to the orbit for
non-priority customers, where it performs a random delay exponentially distributed with the
parameter o9, after which it contacts the device with a repeated attempt to capture the server.
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Fig. 1. Mathematical model of the RQ-system M ®)|M?)|1.

AUTOMATION AND REMOTE CONTROL Vol. 86 No. 5 2025



ASYMPTOTIC-DIFFUSION ANALYSIS 377

If it’s free it starts service, if it’s occupied it goes back instantly. The discipline for addressing
priority calls from orbit to the server is the same as for addressing priority calls newly arrived in
the system. Denoting: i1 (¢) — number of customers in the first orbit, i5(¢) — number of customers
in the second orbit. The server state is determined by the value k(t): k(t) = 0, if the server is free
for service; k(t) = 1, if the server is occupied with servicing a priority customer; k(t) = 2, if the
server is occupied with servicing a non-priority customer. Then the probability that at time ¢ the
device is in state k, in the first orbit the number of customers is 71, in the second orbit the number
of customers is iy, denote as

PLk() = k, i (t) = i1, i2(t) = is} = Py(i, iz, ). (1)

For the distribution (1), using the formula of full probability, we make a system of Kolmogorov
differential equations:

0Py (i1,19,t . ) . . .
% = — (A1 + A2 + 101 +i209) Po (i1, i, t) + p1 Pr(in,d2,t) + poPa(in, iz, t),

OP; (11,142,
OPLTT) (01 4 2o+ ) Palin i)+ M PGy — Lo, 1)

+ NPy (i, 1 — 1,t) + M Po(i1,92,t) + (41 + 1)o1 Po(i1 + 1,42,1) @)
+ AP (in, e — 1,t) + (i1 + Vo1 Pa(in + 1,02 — 1,2),
8P Z. ’Z. ’t N . . . .
% = —(A1+ Ao+ po +i101)Pa(iy,io, t) + Ao Pa(iy, i — 1,¢)

+ /\gpo(il,ig,t) + (ig + 1)02P0(i1,i2 + 1,t).

To obtain the characteristics of a given queuing system, it is necessary to determine the proba-
bility distribution (1). In the limit case, i.e., by solving the system of equations (2), it is difficult to
accomplish this because the system is non-trivial. Therefore, it is proposed to construct a diffusion
process with the help of which one can approximate the probability distribution (1), thus solving
the objective.

Definition 1. Let consider as a partial derivative-characteristic function a function of the order
Hi(z,u,t) = Z 21 Z e’ Py (i1, 12, t). (3)
11=0 i12=0

For further investigations, we pass from the system of equations (2) the system of equations for
functions (3). We obtain:

OHy(z,u,t) OHy(z,u,t) . OHy(z,u,t)
_ = — H _ A0\ T ) Oio\z,U,t)
ot (M + Xo)Ho(z,u,t) — o012 e + joy o
+ﬂ1H1(Z,U,t) + /LQHQ(Z,u,t),
H t '
% = —(A1+ Ao+ p1)Hi(z,u,t) + MzHi(2,u,t) + Aoe? Hy(2,u,t)
i OH, t - OH. t (4)
+)\1H0(Zau7t) + AlejuHQ(Z, U,, t) —|— Ulw + JlejuM’
82 62
OHs(z,u,t .
% = — (M + A2+ p2)Ha(z,u,t) + Aoe?"Ha(2,u,t) + A2 Ho(z,u, t)
H. OH
—Ulzw —jg26_3uw'
0z o
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378 NAZAROV, IZMAILOVA

Summing the equations of system (4), setting z =1 and denoting Hy(1,u,t) + Hy(1,u,t)+
Hy(1,u,t) = H(1,u,t), we obtain another additive equation:

OH(Lut) _ u_ )
. COH)(Lut)  OHs(1,u.t) (5)
< (AeHa (L) + O Ao) a1 0,t) 4 jorge 0Oy g ST )

which we shall solve jointly with system (4) by the asymptotic-diffusion analysis method.
The diffusion analysis will be performed for the non-priority component in the limit condition
of large delay of customers in the second orbit, i.e. at oo — 0, in several steps:

(1) performing the first-order asymptotics, we obtain the transfer coefficient of some diffusion
process, by applying it to approximate the probability distribution of the customers number
on the orbit. Also at this stage, we find expressions for the stationary probability distribution
of the server states and for the partial derivative function of the customers number on the first
orbit;

(2) performing the second order asymptotics, we obtain the diffusion coefficient of some diffusion
process;

(3) at the third stage we obtain an approximation of the customers number probability distribution
in the non-priority orbit.

3. ASYMPTOTIC-DIFFUSION ANALYSIS BY NON-PRIORITY COMPONENT
3.1. First Order Asymptotics

In system (4) and equation (5), denoting o2 = €, we make the following substitutions:
oot =T, u=o09e=ew, Hi(z,u,t)= Fg(z,w,T,¢).

Then (4) and (5), taking into account the substitutions, will be described in the form:

OFy(z,w,T,¢€)
6—

0Fy(z,w,T,€) OFy(z,w,T,€)
+
or

0z J ow
+u1 Fr(z,w,7,€) + paFo(z,w, 7€),

=—(A\1+ X)) Fo(z,w,T,€) — o012

OF, .
ew =—(AM+ X+ p)Fi(z,w, 7€) + M zF(z,w, 7, €) + X! U Fy (2, w, T, €)
. OF, - OF (6)
+A1Fo(z,w, T, €) + A\ e! U Ey(z,w, T, €) + Ulw + oleﬁww,
z z
OF(z,w,T,¢€) iew
68—7_ = —(A1+ Ao+ p2)Fo(z,w,7,€) + Aae! U Fy(z,w, 7, €) + Ao Fo(z,w, T, €)
OFy (2, w,m,€) . o, 0F0(2, w0, 7 €)
o1 0z Je ow )
0F(1 :
€ (781:77—76):(6]61”_1) ()
7
. 0Fy(1 0F5(1
X ()\gFl(l,w,T, €) + (A + X)) Fa(l,w, 7, €) + je 7 o 6’377—’ ) + 01 2( é;u’ﬂ 6)> )

where F(1,w,7,¢) = Fo(1,w,7,€) + Fi(1,w,7,€) + Fo(1,w, T, €).
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Formulate the following theorem.

Theorem 1. Denote the equation system solution (6):

lim Fi(z,w,7,€) = Fr(z,w,7), k=0,2.

e—0

Then the following statement is true

Frp(z,w,7) = G(z,z(1)e?™ ™) k=0,2. (8)

For convenience of notation, we will omit the argume 7: x(7) = x. Functions Gi(z,z), k =0,2 -
are partial derivative functions of the customers number on the first orbit, which have the form

(/J, - )i_i"rl o + 2 A +Aotuota Z A FAafpustr—og (/J, Y )i—i-‘rl
Go(zya) = ST - SRR [, ey,
21 21
pi(p — Arz) oL o1 0 p1(p1 — Ary) ot
A1+oq
- A o A
Gi(z) = (L{) PAL (9)
W1 — A1z M1
Do 42 _MtAotupta A tAatuste_og (1 _)\1)2_1“‘1
Gafem) = 2R [ .

0 pa(p — Ay) o
value x(T) is the differential equation solution

0G4y(z, 1)

(1) = —2(17)Go(1,2) + XoG1(1) + (A1 + X2)Ga(1,2) + 0y P B

Proof. In the system (6) we perform the limit transition at e — 0, obtain

0Fy(z,w,T) . OFy(z,w,T)
0z J ow
+urFi(z,w, ) + pe ko (z,w,7) = 0,

_()\1 + )\Q)FO(Za w, 7_) — 012

—(M +w)Fi(z,w, ) + M zF(z,w,T) (11)

0Fy(z,w,T) OFy(z,w, )

0z +o1 0z

OF5(z,w, ) B O0Fy(z,w,T)
0z J ow

+)\1F0(Z,w,T)+/\1F2(Z,w,T) + o1 ZO,

— (M1 + p2)Fo(z,w,7) + Mo Fo(z,w,T) — 012 = 0.

The solution of the equations system (11) will be found in the form (8). Then (11) will be rewritten
as

0Gy(z,x)
0z

—()\1(1 — Z) + Ml)Gl(Z) + )\]_GO(Z,CE) + )\1G2(Z,x) + o1

—(A + A2 +2(7))Go(z,2) — 012 + 1 G1(2) + paGa(z, ) = 0,

0Gy(z,x) 0Gy(z,x)
0z to 0z
0G3(z,x) _0

0z -

=0, (12)

—(A\1 4 p2)Ga(z,2) + (Ao + 2(7))Go(z,2) — 012

Let’s introduce the notation Goz(z,x) = Go(z,x) + G2(z,z). Then by differentiating Gpa(z, x)
0Go2(z,x) _ 0Go(z,x) + 0G2(z,2)
0z - 0z dz

by z, we obtain
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Sum the first and the third equation (12) and make a system of two equations (the sum of the
first and the third equations and the second equation (12)). Taking into account the introduced
notations, we obtain

—MGoa(z,2) + 11G1(z) — alzw%iz’x) =0, )
(M1 =2)4+ w)G1(2) + MGo2(z,x) + 0186’%22,36) =0
Multiplying the second equation by z and summing the equations of the system, we obtain
MGo2(z,z) — p1Gi(z) + M2Gi(2) = 0. (14)

In (14), express G1(z) through Gpa(z,x) and substitute it into the first equation of system (13)
to obtain a homogeneous differential equation with reference to the function Goa(z, z) = Goa(2):

)\%Z OGOQ (Z)
7/“ — )\12 02(2) — 012 02 = 0,
whose solution is
_M
Gog(z) = (/J,l — )\1,2) a1 (. (15)

For the function G1(z) we similarly obtain the differential equation

o 0G1 (=
(A1 +01)G1(2) + (Ulz— ;‘1‘1> 812( ) _ 0,
whose solution is
A +o
Gi(2) = (1 — \z)" 71 C. (16)

We shall seek the constant C. In functions Gi(z, ), k = 0,2, we will assume z = 1 and denote
Go(l,2) = Ro(z), G1(1) = Ry1, Ga(1,z) = Ra(x). The values of Ry(x), R, Ra(z) satisfy the nor-
malization condition Rg(z) + Ry + Re(x) = 1. If we switch to stationary mode in equation (10)
and denote x = k by the solution of the stationary equation, we obtain the stationary probability
distribution of the server states Ry(k), R1, Ra(k).

In equation (14) we assume z = 1 and, adding the normalization condition, we obtain the system
of equations

M (Ro(z) + Ra(2)) — uR1 + MRy =0,
Ro(x) + Ry + RQ(x) =1.
From where we obtain

A - A
— 2L Ro(z) + Ro(e) = 221

M1 H1
Then assuming z = 1 in (15) and (16) and using the found Ry(x), we obtain

Ry

A1toq

A
p1—A1\ e A1 H1— A1\ o1 g — A1
T e R T N
1(2) H1— A1z M1 02(2) H1— A1z M1

Consider the third equation of the system (12) and found Ga(z) = Goa(z,2) = Go(z,2)+
Go(z,x):

enes
— (A1 4 p2)Ga(z,2) + (A2 + 2(7))Go(2, ) — 01272(,: z) =0,
N \ (17)
o M1 AL 1 1 — A1
Golz,2) + Ga(z, ) = (M - MZ) —
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Expressing Go(z,x) from the second equation and substituting it into the first system equa-
tion (17), we obtain an inhomogeneous differential equation with regerence to the function Ga(z, z):

Al
:)\2+1’<M1—)\1)”1 H1— A1
H1 — A2 pro

A A
(Galz, ), + S22 E 12 T ()
g1z 012

whose solution is

o + Mfdgtuote o AdAgtupt ( )\)A_l“‘l

2 €Tr _AlTAgTHRTY 1HAPHHFEOY (fh) — A1)

Ga(z,z) = P 71 /y 71 Y-
! 0 papr — Ay) ot

Substituting the found expression for the function Gy(z,x) into the system (17), we obtain the
solution for the function Gy(z, z):

(,Ul _ )\1)2_1"’_1 )\2 +x A +FAotuotz ; A tAotpuotz—0y (Ml — )\1)2—14-1
GO(ij) = IS o z o1 /y o1 /\_1dy
#1(“1 — )\12) 71 0 ﬂl(ul - )\ly) o

The expressions found for the functions G(z,z), k = 0,1,2 coincide with (9).
Consider equation (7). Decompose the exponent into a Taylor series

eI =1+ jew + O(e?)

and divide the left and right parts of (7) by jew. Then we execute the limit transition at e — 0,
we obtain

OF(1,w, ) OFy (1, w,T) OF>(1,w,T)
—= =X Fi(1 A Ao)Fy(1 .
jwoT 2FL (1w, 7) + (M 4 X)) Bo(Lw, 7) o+ = o1
Execute substitutions
Fi.(1,w,7) = Gp(1,2)e’™ = Ry(x)e’™®, k=0,1,2, F(l,w,7) = G(1,2)ed"® = "2,
Then we obtain the following differential equation for z(7):
0Go(z,
Y (7) = —(r)Go(L,2) + MCi(1) + (i + M)Ga(1,0) + CAED|
z=1
which coincides with (10). Thus, Theorem 1 is proved.
Denoting:
8Gk(z,az) o 8Gk(1,x) E—=0.1.2 8G02(z) - 8G02(1)
0z |,.n 0z 77 0z |,y 0z

Denote the right-hand side of equation (10) by a(x) and simplify it using (9); we obtain
8G2 (1, .7))
0z

The value a(x) has the meaning of the transfer coefficient of some diffusion process, by which
we obtain an approximation of the calls number probability distribution on the orbit.

a(z) = 2'(1) = —2(7)Go(1, ) + X2G1(1) + (A1 + X2)Ga(1,2) + 04 = Xy — paRo(x).

Corollary 1. The ergodicity condition of the considered RQ-system has the following form
M e
M1 p2
Proof. A sufficient condition of the system ergodicity is the inequality

<1

xll)ngo a(x) < 0.
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Thus, we obtain

T—00

, e e (PN
lim a(z) = zh_)ngo(/\z — paRa(7)) = A2 '“2( [ ) <0.

From where we obtain the condition
A A
A2
H1 o 2
Corollary 2. The derivative function of the number of calls in a priority orbit has the following
form

A1+oq )\_1
A - A 7 - A A\
G(z) = AL H1 1 + H1 1 M1 1 .
w1\ p1r— A1z M1 H1— A1z
Thus, the number of calls probability distribution on the first orbit has the form of a weighted

sum of two negative-binomial distributions with weights 2—1 and “1#—_1’\1

3.2. Second Order Asymptotics
Consider the characteristic function of a random process i(t) — m;’—jt) For this purpose, in
system (4) and equation (5) we make a substitution:
Juz(ogt) (2)
Hy(z,u,t) =e 2 H;7(z,u,t), k=0,1,2.
Denoting o9 = €2, in the equations system for H,f)(z, u,t), k=0,1,2 we substitute
=€, u=ew, H,f)(z,u,t) = F,g2)(z,w,7‘, €),

we obtain a system for functions F} ,52)(2, w,T,€),k =0,1,2 and an additive equation

9 8F0(2) (z,w,T,€)
€
or
8F0(2) (z,w,T,€)
0z
62 8F1(2) (Za w, T, 6)
or
—I—)\12F1(2) (z,w,T,€) + )\erewFl(Q) (z,w,T,€) + )qFéQ)(z, W, T, €)

O (2w, | OB (2w, 7o)
! 0z ! 0z ’

+jewa(ac)F0(2) (z,w,T,€) = —(A1 + A2 + x)F0(2)(z,w,7', €)

F(z,w, 7€)
ow

.0
—01%2 +]6 +M1F1(2)(va>7-a 6) +M2F2(2)(Z>w77_> 6))

+j6wa(x)F1(2)(z,w,T, €) =—(\1+ X+ ul)Fl(z) (z,w,T,€)

(18)
-l-/\lejewFQ(Q) (z,w,T,€) + 0

28F2(2)(z, w, T, €)
€
or

—I—jewa(x)F2(2)(z,w,7', €) =—(A\1+ X2+ /A2)F2(2) (z,w,T,€)
+)\26j6wF2(2) (z,w,T,€) + )\QF(SQ) (z,w,T,€)
8F2(2) (z,w,T,€) 6Fé2) (z,w,T,€)

—012 — je I

0z ow

+ xe‘jewFO(Q) (z,w,T,€).

L OF ) (1, w,7,¢)
€
or
X (—xe‘jewFéQ)(l,w,T, €) + /\2F1(2)(1,w,7', €) + (A1 + /\2)F2(2)(1,w,7', €) (19)

+ jewa(z)FP(1,w,7,€) = (¢ — 1)

—Jjew

+jee

6Fé2)(1,w,7‘, €) 8F2(2)(1,w,7‘, €)
+ 01 .
ow 0z
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Denote: F,g2)(z,w,7') = liH(lJ F,g2) (z,w,T,€), k=0,1,2. We formulate and prove the following
€E—>
theorem.
Theorem 2. The function Fk(?) (z,w,7),k =0,1,2 have the form Fk(?) (z,w,T)

where the function ®(w,T) is a characteristic function of process y(1) = limo
o2—r

= ®(w,7)Gr(z,x),
F(i(Z) — 42y,

and satisfies the differential equation

02007) _ 22Ty, ), 20
where

a() = A — poRa(2), (21)
b(x) = a(z) + 2((A2 — a(@))Ra(x) — pzha(x)). (22)

Here hy(z) = ha(1, ),
ho(1,z) = %/ym Dy, )dy, (23)
D(z,2) = (A + 2)hoa(2,2) + (Ao — a(2))Galz, x) — 2o (2, 2), (24)
hoo(z, 2) = (%) + (iA(l,x) - Uil : (ﬁ) = B(y,x)dy) . (25)

A, 2) = a(@) 222 (0 13y 4 0) 22T IO gy
+a(z) — A9) R + (a() — Ag)acalz(l) o aQng(;’ 2 .
B(z,2) = (a(z) — A\2)G1(2) — MGa(z,3) — 0y aG"’a(ZZ’ @) _ (Z(jl__li?)l (; 511) -
x (a(x)Gog(z) ~ (g + 2A)Galz,2) + 2Go(z,7) + 2(a(z) — A)Ga(2) — 201%) .

Proof. The solution of the equation system (18) is written in the following form:
Fip(z,w,T,¢) = ®(w,7) (Gi(z,2) + jewgy(z,2)) + O(?), k=0,1,2.

Substituting these functions into the system of equation (18), making simple transformations and
performing the limit transition at € — 0, we obtain a system of equations:

a(ac)Go(z,x) = _()‘1 + )\2 + $)90(2¢$) + Mlgl(zvx) + ﬂ292(zax)

__Ogo(z;7) 0P (w, )
TS, + GO(Z’x)wé(w,T)ﬁw’
a(r)G1(2) = —(M(1 = 2) + p1)g1(2,7) + Ago(z, ©) + Aga(2, ) + A2 G1(2, )
0g0(z,x) 0g2(z, x) 0G4(z,x) (28)
+)\1G2(Z,x)+0'1782 +O’1762 +O’1762 5
a(x)Ga(z,7) = — (M + p2)g2(2, ) + (A2 + 2)go (2, ) + XaGa(z, 1)
0g2(z, x) 0P(w, 1)
2Go(z,x) — 012 7% Go(z’x)w@(w,T)aw'
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The functions gi(z,z),k = 0,1,2 will be solved as the sum of a general homogeneous solution
and a partial solution of an inhomogeneous differential equation:

0P (w, 1)

gk(z,2) = CGL(z,2) + hi(z,x) — gbk(z,x)m

, k=0,1,2.

Substituting gx(z,z) into (28),we can confirm that the coefficient in front of the constant C is
0P (w,7)

zero. Then equating the coefficients at b, 0w Ve obtain the equations system to find functions
¢r(z, ). If the equation system for the functions Gy (z,x) is differentiated by the variable z, we
can confirm that it coincides with the equation system for finding the functions ¢y (z,z). Thus, we
conclude that

or(z,7) = %, k=0,1,2.

Equating the remaining summands, we can write the equation system for determining the functions
hi(z,2z),k =0,1,2:

8h0(27 x)

—(AM + Ao+ x)ho(z, ) + prhi(z,x) + poho(z,2) — 012 = a(x)Goy(z,x),

0z
Atho(z, @) — (Ai(1 — 2) + p1)ha(z,2) + Arhe(z, @) + 01 8h0;z,x) + o1 3h28(z,x)
9Gs (=, 2) ’ : (20)
= (a(x) = )G1(2) — 0175 = \iGa(,2),
(A2 +)ho(z,2) = (A1 + p2)ha(2, ) = 012% = (a(z) — A2)Ga(z,7) + 2Go(z, T).

Sum the first and the third system equation (29) and add the second equation to the resulting
equation to obtain the system:

—Al(ho(z,x) + h2(zjx)) + Mlhl(z,x) — 012 <8h08(i7x) + 8h28(i,$))

- (I(x)(Go(z,J;) + G2(2>x)) - )‘2G2(Z,J)) + xGo(z,x),
)\1(ho(z,x) + hg(z,x)) — (Al(l — Z) + Ml)h1(2,x) + o1 <8h0(27$) T 8h2(z,x))

0z 0z
0G5 (z,
1 728(2’2 x) — Ang(z,x).

= (a(z) = A2)G1(2) — 0

Denote:
hoo(z,x) = ho(z, ) + ha(z, x).
Then the equation system will be rewritten in the form:

Ohp2(z, x)
0z
=a(x)(Go(z,x) + Ga(z,x)) — AaGa(z,2) + xGo(z, x),
ahog(z, ac)
0z

— MGa(z, 7).

—Aho2(z,2) + prhi(z,2) — 012

Alhog(z,x) — ()\1(1 — Z) + ,ul)hl(z,ac) + 01

0G4(z,x)

= (a(z) — A\2)G1(z) — o1 Bp
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Multiply the second equation by z and sum the system equations, we obtain:

Aho2(z,x) — (1 — M2)hi(z,2) = i l (a(x)(Go(z,x) + Ga(z,2) + 2G1(2))
) 0C (2, ) (31)
+2Go(2,7) — X22G1(2) — (M2 + X2)Ga(z,x) — le#).

Denote the right side of the equation by A(z,x) and seek the limit at z — 1:

i (@(@) +2)Go(z, 2) + 2(a(z) — A2)G1(2) — Mz + X — a(2))Ga(z,2) — o1 2 292(0)
z—1 S 1

0z
2 2Gy(z, @
+(a(z) — A2)G1(z) + (a(z) — ’\2)80612( ) _lea G;;’ )>
0Go(1,2)  9Go(1,x)
92 Tt 0z

Hale) = o)y + (a(w) — 2y 2D _ 6, AL g g,

= lim
z—1

- )\IGQ(Za x)

. 0Gpa(1
= ll_)ml Az, x) = a(x)gii() — (M + A +01)

— )\1R2 ($)

which coincides with (26).
Then equation (31) can be written in the form

Ahoa(z,2) — (1 — A\2)hi(z,2) = A(L, x).

Then we express the function h;(z,z) and substitute into the second equation of the system (30),
we obtain an inhomogeneous differential equation with reference to the function hgs(z,x). Denote
the right part of the equation by B(z,x):

0Gy(z,x) (z—DM — 1

B(z2) = (a(x) = A2)G1(2) = MG2(z, @) — o1 —5 == — (M — ) (z — 1)

y (a(x)Gog(z) g+ 201)Ga(22) + 2Go (2, 2) + 2(a(x) — Ao)Gy(2) — zm%> .

Then the differential equation is written in the following form:

)\1(1 — Z) + ,LL1) 8h02(2,.7)) .
)\1 <1 1 — )\12 hog(z,x) + 01 02 = B(z,x).

Its solution has the form

A1 1 =1
1 — A \or [ 1 1 1 — A1\ e
h z,x:<7) —Al,x——/<7 B(y,z)dy | ,
o2z 2) p1 — zA1 (Ml (1) o1 \H1—yh (9, 2)dy
which coincides with (25).

Since ho(z,x) = ho2(z,x) — ha(z, ), we substitute this into the third equation of the system (29)
and denote the right side as

D(z,z) = (A2 + 2)ho2(z, ) + (A2 — a(z))Ga(z,z) — 2Go(z, x),
obtain a differential equation with reference to ho(z,z):

Oha(z, )
0z
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the solution of which has the form

z
_ MtAotpgta AitAotpugta—oy
ho(z,z) = z o1 — |y 71 D(y, z)dy.
01

Assuming z = 1, we obtain (23).
Consider equation (19). Substitute into it

Fr(z,w,7,€) = ®(w,7) (Gi(z, ) + jewge(z,2)) + O(e?), k =0,1,2,

making simple transformations and performing the limit transition at e — 0, we obtain

0P (w, ) B
“w2a(mar T UR9L2) = dagi (L) + (O + A)ga(L, )
_0%(w,m) dgo(1,) | 1
+G0(1’x)w@(w,r)6w zgo(l,z) + 2Go(1,2) + 01 I+ QQ(@«).

The functions gx(1,z) are written in the form

0P (w, T)

gr(L,x) = C - Gr(l,2) + hy(1,2) — ¢k(1>$)ma

k=0,1,2.

Considering the conditions Y 7_q h(z, x)‘ = 0, Y7o (2, x)’ L= 0 we obtain the equation
z= zZ=

0P (w, (1,
O] (natn(4,0) + O+ Xa)o(1,2) — Go(1,2) — ag(1,2) + 0, 222D
0P(w,7)  w?
X’LUT — 7@(’[,0,7‘)
Oha(1
X <a(x) +2 (x\ghl(l,x) + (M + Ao)ha(l,z) — zho(l,2) + Go(1,z) + 01$)> .
Convert the coefficients in front of w% and U’TQ@(w, T), we obtain
0pa(1,
Mo (1) + (i -+ Ma)oa(1,2) — Go(1,2) — 6o(L, ) + 01 AT _ ()

Oha(1

a(x) + 2 ()\ghl(l,ac) + (A1 + Ao)ho(1,2) — xho(1, 2) + 2Go(1, x) + 01%>

= a(x) + 2((A\2 — a(z))Ra(z) — p2ha(1, 7)) = b(x).
Then we obtain the equation

0®(w,7)
or =a(z) ow 2

The theorem is proved.
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The function b(z) has the meaning of the diffusion coefficient of some diffusion process, using
which we could approximate the probability distribution of the number of calls on the orbit.

3.83. Diffusion Approzimation of Probability Distribution of the Number of Calls
on a Non-Priority Orbit

Apply the inverse Fourier transform to equation (20). We obtain the Fokker-Planck equation

for the probability distribution density function P(y,7) = W:
0Py, 1) _ _Hyd(@)Py, 1)} 10°{b(x)P(y,7)}
or Oy 2 Oy )

It can be concluded that y(7) = limo NP (z (l> — M) is the solution of the stochastic differ-
o2—r

02 02

ential equation

dy(7) = d'(z)ydr + \/b(x)dW (1)

where W (7) is a Wiener random process, a’(x)y — transfer coefficient, 1/b(z) — diffusion coefficient.
Consider the diffusion process z(7) = x(7) + \/o2y(7). Note that z(7) = limo o9l (;—2> Denote
g2 —

by V(z) the stationary probability distribution density function of the process z(7). It may be
shown that the density V' (z) has the form

V(Z) _bi (Ug b.i )

A more detailed description of the procedure for constructing the diffusion approximation and
finding the kind of density V(z) can be found in [13, 14].

To construct a diffusion approximation of the probability distribution of the number of requests
on a non-priority orbit, we will use the formula:

V(’iO’g)

Pli) = — .
nZ::() V(TlO’g)

(32)

Thus, there is no need to determine the value of the constant C'.

4. THE DIFFUSION APPROXIMATION ALGORITHM IN MATHCAD SOFTWARE

The obtained theoretical results were realized in MathCAD software package. The numerical
realization algorithm for finding the diffusion approximation of the number of requests on the
non-priority orbit is given below.

Algorithm 1.

(1) set system parameter: Ai, A9, 11, f2, 01, 02. Set a sufficiently large number of N;

(2) by formulas (9) write down the functions Gy (z,x),k = 0,1,2 and Ri(z) = Gix(1,z),k =0, 1, 2;

(3) by formula (21) write down the function a(z) and find the solution & of the stationary equation
a(z) = 0, using the built-in function of MathCAD software

K := root(a(x),z,0, N);
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(4) determine the values Ry(k), Ri, Ra(k), which are the stationary probabilities of the server
states;
(5) write a function

Al
p1— A1\ o1 p1— A1
Goa(z :( ) ;
02(2) H1 — A2 H1

(6) count the derivatives z from the functions Gi(z,z),k = 0,1,2 and Goz(z, x):

0Go2(2)
MM 9Gi(r) MG+

o1 p — 2\ 0z p1— ZA1

ac:ggz &) _ goo(e)

)

0Go(z,2)  —(A+ X)Golz,x) + p1G1(2) + paGa(z, ) — xGo(z, )

0z 012 ’
8G2(z,x) _ (/\2 + x)Gog(z) - (/\1 + Ao+ po + $)G2(Z,x)
0z 012 ’
0G2(z, )
0z

022 012 ’

82Go(z,x) (P2 T 2)Goa(2) = (M + A2+ po + 2+ 01)

(7) write A(z,x) by the formula

Alz) = ——(al@) + 2)Golz,2) + 2(a(x) — A2)C1 (2)

z—1
0G4z, ;U))
Z )

—(AMz+ A2 —a(x))Ga(z,2) — 012
B(z,x) by the formula (27), for the hga(z,x) — (25):
ho2(z,x) :=if (z =1, iA(l,x), hog(z,x)) ;
H1

(8) determine D(z,z) (24) and ha(1,x) (23);
(9) write the diffusion coefficient b(z) (22);
1

(10) construct P1(i) (32):
L1 2 Cma(x) ‘
P1(i) = boal) exp (0—2 / ) dx),

0

(11) perform normalization and obtain an approximation of the discrete probability distribution
of the number of calls on the non-priority orbit

N _].
P(i) := P1(3) (Z Pl(i)) .
i=0
Ezample 1. Set the parameters of the system:
Al == 03, )\2 == 09, H1 = 1, H2 = 2, o] = 1.
We obtain the probability distribution of the server states:
Ry =0.25, Ry =0.3, Ro=0.45.
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Fig. 2. Transfer coefficient and diffusion coeflicient plots.
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Fig. 3. Diffusion approximation P(i) at oo = 1, N = 100.

Figure 2 shows the transfer coefficient a(z) and diffusion coefficient b(x) dependence on the number
of calls in the non-priority orbit. We can conclude that as the number of applications increases,
the spread relative to the average increases. Figures 3-5 show diffusion approximation plots of
probability distribution of the number of calls on the non-priority orbit.
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Fig. 4. Diffusion approximation P(i) at 0o = 0,1, N = 100.
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Fig. 5. Diffusion approximation P(i) at oo = 0.01, N = 1000.

Numerical results show the proposed research approach implementing possibility to problems
of this type. Also, we can conclude from the distribution graph that for small values of o5 the
distribution is close to the Gaussian probability distribution. This conclusion can be confirmed by
referring to [15], where the system M| M?)|1 is studied by the Gaussian approximation method.
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5. CONCLUSION

In this paper, a queuing system with repeated calls and two incoming flows of calls (priority and
non-priority stream) is investigated.

For the number of priority calls on the orbit, the derivative function is found in the form of a
weighted sum of derivative functions of negative-binomial distributions.

For the number of non-priority requests in an orbit, we obtain a probability distribution, which
we call the diffusion approximation.

The found probability distributions allow us to determine all the necessary probabilistictemporal
characteristics of the system for the received number of calls. The obtained theoretical results can
be used to solve a number of practical problems in which it is necessary to separate requests by
priority: cognitive radio, data transmission, where it is necessary to separate by the volume of
transmitted data packets. The investigation of problems of a more general type (with arbitrary
service time distribution function) is of concern.
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